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Abstract

Online gradient descent method has been widely applied for parameter learning in neuro-fuzzy systems. The success of the
application relies on the convergence of the learning procedure. However, there barely have been convergence analyses on the
online learning procedure for neuro-fuzzy systems. In this paper, an online gradient learning algorithm with adaptive learning rate
is proposed to identify the parameters of the neuro-fuzzy systems representing the Mamdani fuzzy model with Gaussian fuzzy sets.
We take the reciprocals of the variances of the Gaussian membership functions, rather than the variances themselves, as independent
variables when computing the gradient with respect to the variance parameters. Subsequently, oscillation of the gradient value in
the learning process can be avoided. Furthermore, some convergence results for this online learning scheme are studied. Finally,
three numerical examples are provided to illustrate the performance of the proposed algorithm.
© 2020 Elsevier B.V. All rights reserved.

Keywords: Mamdani fuzzy model; Neuro-fuzzy systems; Online gradient learning algorithm; Adaptive learning rate; Convergence

1. Introduction

Neuro-fuzzy systems have been investigated widely, which combine the human-like reasoning style of fuzzy sys-
tems with the learning and connectionist structure of neural networks [9,10,15,21,24-26]. Due to the interpretability
of fuzzy rules, the merits of universal approximation and the learning capability, neuro-fuzzy systems work well in
many practical applications [3,5-7,11-13,20]. Actually, the learning algorithm is a fundamental element in the ap-
plication of a neuro-fuzzy system. An important learning scheme is the parameter learning algorithm to fine-tune the
membership functions and other parameters. Neuro-fuzzy systems need to perform parametric tuning optimally, e.g.
tuning parameters of the membership functions and tuning the weights of the fuzzy rules using neural network learn-
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ing techniques. Therefore, many algorithms have already been developed in recent years. Among these algorithms,
gradient descent-based learning algorithm is one of the most frequently used techniques to adjust the parameters to
match the desired output in neuro-fuzzy systems [1,4,13,14,18,22,23]. There are two essential training schemes for
gradient descent learning: batch scheme and on-line scheme. The batch scheme corresponds to the standard gradient
iteration procedure which updates the weights after all the training examples are processed. The exact gradient is
used to determine the direction of the next update. It is a deterministic optimization algorithm. Differently, the online
scheme is the procedure of updating network weights immediately after one training example is fed. The fed example
may be randomly or circularly selected from the given training examples, but should keep periodic in the training set.
The online scheme has been proven to be more effective and sometimes unique choice in application [28], especially
when the given training examples are huge. Therefore, convergence of the online training procedure is a prerequisite
of any successful application of neuro-fuzzy systems.

There have been many convergence results of the gradient based learning procedures, both batch and online
schemes, for neural networks [29,31-33]. But there barely have been convergence analyses on learning procedures
for the neuro-fuzzy systems. Among the few related works, the convergence of batch gradient learning scheme with
constant learning rate for the neuro-fuzzy systems describing Takagi-Sugeno model are discussed in [16,17,30], and
the convergence of an adaptive gradient algorithm are considered by using the Lyapunov stability theorem in [8],
where the learning rates must be chosen to satisfy some strict conditions and a posterior assumption on the estimation
of the higher order terms of the remainder of the Taylor series expansion for error function is required.

In this paper, we are focused on the online gradient learning algorithm for the neuro-fuzzy systems representing
the Mamdani fuzzy model. An online gradient learning algorithm with adaptive learning rate (OGLA) is proposed for
neuro-fuzzy systems. We take the reciprocals of the variances of the Gaussian membership functions, rather than the
variances themselves, as independent variables when computing the gradient with respect to the width parameters.
Hence, the differentiation with respect to the denominator which may result in oscillation in the learning process can
be avoided. Moreover, a comprehensive study on the convergence of OGLA is made, indicating that the error function
tends to a constant, the gradient of the error function goes to zero, and the weight sequence converges to a fixed point,
respectively.

The rest of this paper is organized as follows. The neuro-fuzzy systems are described in the next section. Our
proposed algorithm and its convergence analysis are presented in Section 3. Section 4 provides three supporting
numerical examples. Some brief conclusions are drawn in Section 5.

2. The neuro-fuzzy systems

Assume a Mamdani fuzzy system with p inputs X = (x1, x2, ..., x,) € R?, a single output y, and n fuzzy if-then
rules in the form

Rulei: IF xyis Ay; and x2 is Ap; and ... and xp, is Ap; THEN y is B;. (D)

Each rule has its own unique consequent fuzzy set B; characterized by a singleton membership function located at
y=ui, i=1,2,---,n,whichis to be determined. A;;, ((=1,2,---,p, i =1,2,---,n) are labels of fuzzy sets and
all the membership functions used are Gaussian membership functions defined as:

_ (x—rzl,-)z
pa;(x)=e 2)

where ¢;; and oj; are two parameters, mean and variance, respectively. The architecture of the neuro-fuzzy systems is
shown in Fig. 1. It is a four-layer feedforward network with p input nodes and one output node.
The I/O relationship of the neuro-fuzzy systems is described by

2 ag—ap)?

n n 14 n _
y=Y uihi =Y wi([Tray ) =) we = 3)
l

i=1 i=1 =1 i=1

p
where h; (x) = [] 1ta, (x1). The learnable parameters in the neuro-fuzzy system are the premise parameters, ¢;;s and
=1
01;§, and the consequence parameters, u;s.
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Input Layer Hidden Layer Output Layer

Fig. 1. Architecture of the neuro-fuzzy systems.

Suppose that {x/, 0/} j].;(} C R” x R is a given set of the training samples, where x/ and o/ are the input and the
corresponding desired output of the j-th sample, respectively. Let u = (uy, ua, ..., u,), ¢ = (c1,~, Coisenns cpi) and
oj = (Uli’ 0%y en, Gpi)s fori =1,2,---,n. To simplify the presentation, we write all the weight parameters in a
compact form

W= (WC¢q,...,Cn, 01, ...,0,) € REPT

The error function corresponding to all training samples is defined as
= = J-1
. - . - .
E(w)=52)<yf—of) =§Zo<u-hf—of> :ZOEJ'(“"‘])’ @)
Jj= Jj= Jj=

where W/ = (h(x7), ha(x7), ..., hy(x/))T and E;t) = %(t — 07)2. The aim of system learning is to update the
parameters to minimize E(w). Online gradient method is widely used to construct a parameter update procedure to
optimize this problem. This method is a variation of the standard gradient method (also called batch learning scheme),
where the parameters are updated after each training sample is processed. It is obvious that the gradient should be
based on E;(u - h/) instead of E(w) in (4). We can easily calculate the gradients of E;(u - h/) with respect to u, ¢;
and o as follows:

VE;ju(u-h/) = E(u-h/)h’/

)

. . . T
0Ej(u-h/) 0E;(u-h/) 0E;(u-h/)
ocy; ’ dco;

VEjq(u-h) = ( sor
pi

. | Yo
VE,-,ai(whf'):(aE-/(“'h’) 0F;(u-h) 3Ej(u~hf))

301,’ ’ 8(72,‘ ’ 3017,'
where
JE(u-h)) X — ey
T=2E;(u-hf)u,-h{( L) (5)
Cli 9y
and
QE@-W) o —an)?
— =2E)(u-h )u;h! ———— (6)
oy oy;
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fori=1,2,---,n, [=1,2,---, p. Hence, started from an arbitrary initial guess w’, the original online gradient
learning algorithm (OGLAO) can be formulated as the following iteration procedure:

umJ+j+1 — umJ+j _ 77mVEj,u(u . hj)

" = " — 1, VE; ¢ (u- )

0271]+]+1 — a;’n]+] _ r]mVEj,tTi(u . h])

where formeN; i=1,2,---,n; j=0,1,---,J —1.
3. Our proposed algorithm and its convergence analysis
3.1. Proposed online gradient learning algorithm

From the expressions of partial derivatives (5) and (6), one can see that they include two factors, ﬁ and U%,

respectively, which may result in oscillation of the parameter sequence in the iteration process due to sma]il Oli. Tl]ie
reason is discussed in our previous work (cf. [30]). This observation is also shown in Example 1 in the numerical
examples section. Hence, we make a modification for the original online gradient learning algorithm (OGLAO) and
set b;; = Ulli.Inplaceof(2)wehave,forl= 1,2,...,p,i=1,2,...,nand j =0,---,J — 1,

. 2
pay () = e_(xl_cl')zb” @)
and
. p . i 2
hie) = [Ty ) = e 10 -voml ®)
=1
where | - || stands for the Euclidean norm and “®” means Hadamard product which is a binary operation taking two

vectors of the same dimensions, and producing another vector where each element is the product of the corresponding
elements of the original two vectors.
We take b;;s, rather than oy;s, as independent variable. Then we can easily calculate that

VE;ju(u-h/) = E(u-h/)h’/
VEjq@u-h) =2E@-huih! (o - ) b o by)
VE;pu-h) = -2/ h)uih! (& — ) © o — 1) O by)

Started from an arbitrary initial guess w’, Our proposed online gradient learning algorithm (OGLA) can be formulated
as the following iteration procedure:

A N B N €))
"I = I g Ao (10)
by i = by g A (1)

where formeN; i=1,2,---,n; j=0,1,---,J —1

Ajun11+j - —nmE} O AR AT AN (12)
AjcimJJrj — _znmE}(umJ+j . hml+j,j)u?1l+jh;nj+j,j %
((xj — "'ty @bt @bi’"”f) 13)

Ajbimj+j — anE} ("’ +i 'hmJ—&-j,j)u;?NJrjh;nJJrj,j «
(& =) o (xf — &™) o 1+ ) (14)

4
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Here the parameter 7, is the adaptive learning rate, whose value may be changed after each cycle of the training
procedure.
Obviously, the standard gradient of the error function, E(w), with respect to w is as follows:

VEw(W) = (VEu(w), VEe (W), - ,VE,, (W), VEL, (W), -+, VEp, (w))
J-1 , J=1 , J-1 '
where VEy(w) = > VE;y(u-h/), VEG(W) = ) VE;q(-h/) and VEy, (W) = ) VE,p(u-h/), for i =
=0 i—0 i=0
12 om J J J
In OGLA, we take the reciprocals of the variances of Gaussian membership functions, b;; (I =1,2,---,p, i =
1,2, .-, n), rather than the variances themselves, as independent variables. This strategy was firstly introduced in our
previous work (cf. [30]). Due to this seemingly simple modification, the differentiation with respect to the denominator
is avoided, which may result in oscillation in the learning process, and the convergence results can be obtained.
Although we borrow the idea of our previous work to set the parameters, it should be noted that the proposed algorithm
differs from our previous work which focused on batch learning scheme. As mentioned before, the present work
focuses on the online learning scheme formulated by (9)-(11).

3.2. Convergence analysis

In this subsection, we will make a comprehensive study on the convergence for OGLA. That is, we will show that
the error function E(W™) approaches to a constant while the gradient of the error function V Ey(W™) goes to zero,
and the parameter sequence {w"} converges to a limit point as m — o0.

Let Qo ={we Q: VEy(w) =0} be the stationary point set of the error function E(w), where Q2 € R"ZP+D js a
bounded region. Let ©2p s € R be the projection of €2 onto the s-th coordinate axis, that is,

Qos={wyeR:w=(wy, -+, wy, -, Wy2p+1)) € R0}

fors=1,2,---,n(2p + 1). To analyze the convergence of the algorithm, we need the following assumptions.
(A1) There exists a bounded open set 2 € R"2P+1) guch that {w"}>>_, C R, that is, there exists a constant Cy such
that sup |w"| = Co;

meN
o0 o0 5
(A2) nn >0, Z Nm = 00, Z Ny < 005
m= m=0
(A3) Qo s does not contain any interior forevery s =1,2,--- ,n(2p 4 1).

Assumption (Al) requires that the parameter sequence {w"} is bounded during the iteration process as a pre-
condition. Assumption (A2) provides a more generalized choice of the adaptive learning rate 1, to guarantee the
convergence. Assumption (A3) means the stationary points set of the error function is required not to contain any
interior point to prove {w"”} converges to a limit point.

We first need to establish a series of lemmas as preparation for the analysis of our convergence results. Let the

parameter sequence {w"/*i} (m e N, j=0,1,---,J — 1) be generated by (9)-(11). We define the following nota-
tions:
Rm,j — Ajllmj+j _ Ajllmj (15)
rlm’] :Ajclmj+/ — Ajclmj (16)
’Fl‘mJ — Ajbim1+] _ AjbimJ (17)
j—1 j—1 j—1
dm,j — umJ+j _ umJ — Z Akun1J+k — ZAkumJ + ZRm,k (18)
k=0 k=0 k=0
' j—1 j—1 j—1
U;n’/ = Cimj+] — Cimj = Z AkCimJJrk = Z AkCimJ + Zrim’k (19)
k=0 k=0 k=0
. j—1 j—1 j—1
»l\)z;nyj — bin1.l+/ _ bimJ — Z AkbimJ—i-k — Z AkbimJ + Z?im,k (20)
k=0 k=0 k=0

5
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. . , J+l.j .
\I/m’l’/ =hmJ+l,J _hmJ,/’ q>;ﬂ +l,j — (X'] _ cimJ—i—l) @bimJ-i-l

meN; j,l=0,1,---,J—1;i=1,2,---,n.
According to (18)-(20), we can rewrite (9)-(11) as

j-1

i — g 4 Z (Akuml + Rm,k)
k=0
j-1

cimJ+j — cimJ + Z (Akcimj +rlm,k>
k=0

j—1
bimJ+jzbim1+Z(AkbimJ+?im,k)
k=0

For a fixed and finite set of training samples, there exits a constant C such that

Ci = max x/ ,oj
05/‘5]—1{” I, 1o/ 1}

: : . i i i om,j ~m
The next two lemmas give a very useful estimation on the norm of "/, W™lJj —RmM.J i I

FSS:7974

Fuzzy Sets and Systems eee (eeee) eoo—eee

21

(22)

(23)

(24)

(25)

’j, and the

l

deviation of error functions E (w(’”H)J ) and E (w’”J ) To make the paper more readable, we move the proofs of the

two lemmas to the Appendix.

Lemma 1. Suppose Assumption (Al) holds and the sequence {wW"’ ¥/} is generated by (9)-(11), then there exist con-

stants C-Cg¢ such that
. L
ld"™ 71| < Canm, 19" || < C3nig
JJ 2 m,j 2 ~m, j 2
[R™ 7| < Canpyy N1y Il < Csmyys 11771 < Comy,

whereme N; j,1=0,1,---,J—-1;i=1,2,--- ,n.

Lemma 2. Suppose assumption (Al) holds and the sequence {wW"’ 7} is generated by (9)-(11), then we have

E (w(m“”) <E (wm1> —Mm|VEw (ij) 17+ Cay

where m € N and C7 > 0 is a constant independent of m and ny,.

(26)

The following three lemmas are important tools in the analysis on the convergence of iterative algorithm. They

have been proved in [31], [2] and [27], respectively.

Lemma 3. Let Y;, W; and Z; be three sequences such that W; is nonnegative and Y; is bounded for all t. If

Yiri <Y, —W,+7Z;,t=0,1,---

e8]

and the series Y Z; is convergent, then Y; converges to a finite value and )" W; < 0.

t=0

Lemma 4. Suppose that the learning rate n,, satisfies (A2) and that the sequence {a,} (m € N) satisfies a,, >

o0

0, Y nma,’;z < oo and |apm4+1 — am| < uny for some positive constants B and . Then we have

m=0

lim a, =0
m—00

27)

Lemma 5. Let F: D CR? — R, (p > 1) be continuous for a bounded closed region D, and Do ={z €D : F(z) =
0}. The projection of Dg on each coordinate axis does not contain any interior point. Let the sequence {2"*} satisfy:

(i) lim F(z")=0;
n—00
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(i) lim 2+ — 2" =0;

Then, there exists a unique z* € Dg such that lim z" = z*.
n— oo

By virtue of Lemmas 1-5, we can prove the following main results on the convergence of OGLA.

Theorem 1. Let the error function E(W) be defined in (4), and the parameter sequence (Wi} be generated by
(9)-(11) with w° being an arbitrary initial value. If Assumptions (Al) and (A2) are valid, then we have the following
convergence results for j =0,1,---, J —1:

(i) There exists a constant E* > 0 such that mli_)rnOo E(w"Itiy = E*;

(i) Lim ||VEw(w"/*7)| =0.
m— o0
Moreover, if Assumption (A3) is also valid, it holds the strong convergence: there exists a unique fixed point
w* € Qg such that '
(i) lim w™/ti =w*,
m—0o0
Proof. The proof is divided into three parts, dealing with the statements (i), (ii) and (iii) respectively.

Proof of Statement (i). Considering that the sequence {E (w™/)} satisfies Lemma 2, one can apply Lemma 3 to it.
Thus, there exists a constant E* > 0 as E(w™’) > 0 such that

lim E(w"/)=E*

m—00
According to Assumption (A2), it holds that lim n,, = 0. Similar to the proof of Lemma 2, one can also conclude
m— 00
that
lim [E(w™ )y — E(w"))|=0, j=0,1,---,J —1
m— o0
Hence, one can obtain that for j =0,1,---,J — 1

lim EwW"/*/)= lim E(w")=E*
m—00 m—00

This completes the proof of Statement (7).

Proof of Statement (ii). By Assumption (A2), Lemma 2 and Lemma 3, one can obtain that

o0
> mlVEw (W) 12

m=0
o0 oo n

=l VE (W) 12+ 30D (19 E (W) 12+ 19 Eny (w7 ) 1)
m=0 m=0i=1

<0

which results in
o
> mnlVE (W) 2 < 00 (28)
m=0

According to Lemma 1, one arrives at that

”VEu (w(m+1)1> _ VEu (Wml) ”

_ E [E; (u(m+1)J .h(m—',-l)J,j)h(m—i-l)J,j _ E} (umJ _hmJ,j) hmJ,j]
j=0
J—1
< Z H E (u(m+1)1 .h(m+1)J,j) wmsd.i
j=0
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+ (E;, (u(m+1)1 ,h(m+1>1,j> .y (umJ ,h<m+1>1,/)) hJd
+ () (7 W) — 5 (W) ) | < @)
where Cg = J C4. This immediately leads to
IV E (WD) | = 19 Eu (W) 1| < 19 E (WD) = VEw (w7 ) | < Can (30)
The combination of (28), (30) and Lemma 4 results in
lim |VE, (w””) =0
As in the proof to (29), there exists a positive constant Cy such that for j =0,1,---,J — 1
IVE (W) = VES (W) Il < Conn
Since
IV Ea (W) | < IV Ea (w/57) = VEG (w!) |+ IV Eu (w7 )|
< Conn + [V Ea (W) |
one attains
lim_|[VEy (w’"]+j> =0, j=0,1,---,J—1

Similarly, one deduces that lim [|[VE¢ (W"/*/)||=0and lim ||VEp, (Ww"/*/)||=0for j=0,1,---,J — 1. This
m— 00 m—00
immediately gives

lim ||VEw<w’”f+-/) =0, j=0,1,---,J—1 G1)
m— o0
and proves Statement (i7).

Proof of Statement (iii). Since

. 2
me]-'rj _ me H

n
— Humj+j _umlH2 + Z (HcimJ—&-j _cimJ HZ + Hbimj-i-j _bimJ ‘2>
i=1
this together with (9)-(14) and Lemma 1 leads to
lim mejﬂ —w’"j” =0, j=0,1,---,J -1
m—00
It immediately results in
lim me“'j —wn/Hi-l H =0 (32)
m—0o0

Noting that V E,, (W) is continuous and according to Assumption (A3), (31) and (32), one can obtain that Statement
(iii) holds by employing Lemma 5. This completes the whole proof of Theorem 1. O

The statements (i) and (ii) of Theorem 1 present a weak convergence result for OGLA, which implies the gradient
of error function goes to zero and the error function decreases to a stable value. The strong convergence result for
OGLA is also confirmed in Statement (iii), which implies that the parameter sequence will stabilize to a fixed value
at which the error function attains its minimum (may be a local minimum).

8
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Norm of Gradient

i

0 ‘ 5000 10000 15000
k (number of iterations)

Fig. 2. Norm of gradient with OGLAO for Example 1.

4. Numerical examples

In this section, three numerical examples are provided to illustrate the performance of OGLA for training the neuro-
fuzzy systems and to exemplify the theoretical convergence analysis described in Theorem 1, where three assumptions
are needed. Assumption (A1) indicates that our convergence result requires as a precondition the boundedness of the
weights during the learning iteration process. This assumption is also used for the convergence analysis of the gradient
method for ordinary BP neural networks. The boundedness of the weight sequence for online gradient algorithm can
be guaranteed by introducing /> regularization into the error function (cf. [34]). Actually, the weights are bounded
during the learning iteration process in most cases, which is shown in the following examples. Assumption (A2) is
an usual condition for the convergence of online gradient method, and a typical choice for 7, to satisfy Assumption
(A2)is am™", where a is a positive constant and b € (0.5, 1).

The performance of OGLA is illustrated by the learning and generalizing abilities for identifying nonlinear func-
tions and predicting a chaotic time series. Moreover, we also use Example 1 to show OGLA, compared with OGLAO,
can effectively avoid the oscillation during the iteration process.

Example 1. (Identification of a quadratic Hermite function). This example uses the neuro-fuzzy systems with OGLA
to identify a quadratic Hermite function (33), which was presented by Mackay in [19]:

y(@) =1.1(1 — 1 +2:%)e /2 (33)

In this example, the training patterns are generated with ¢;, i = 1,2, ---, 100 evenly extracted in the interval [-4,4].
They are taken as the system’s inputs and y; = y(#;), i = 1,2---, 100 are the corresponding desired outputs. To
demonstrate the performance of OGLA, four fuzzy rules are used. The initial fuzzy parameters are selected randomly
in the interval [-2,2], the learning rate 7, = 0.4m =", where m is the number of cycle. The training procedure will
be terminated once the maximum number of iterations 20,000 is reached or the mean squared error criterion of 0.003
is satisfied. The generalization of OGLA is also tested by using testing patterns which are taken uniformly between
-4 and 4 with a size of 101. Furthermore, to demonstrate OGLA, compared with OGLAO, can avoid the oscillation
during the iteration process, we apply OGLAO with the same initial parameters for this example. The change of the
norm of gradient with OGLAO in the learning process is shown in Fig. 2, which shows that OGLAO may result in
oscillation.

The mean square error (MSE), the norm of gradient and weight vector with OGLA in the learning process are
shown in Fig. 3, which shows the convergence performance of OGLA, indicating that the error function decreases
monotonically and at last it tends to a constant, and the norm of the gradient of the error function tends to zero, and
the norm of weight vector is bounded.
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Fig. 3. Learning curves of OGLA for Example 1.
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251+ pe +  Network Output of Test Samples 4

Fig. 4. The identification results for Example 1.

The approximation performances of OGLA for training and testing patterns are show in Fig. 4.

Example 2. (Identification of the Gabor function). In this example, we also illustrate the performance of OGLA by
applying it to a two-dimensional function approximation problem. This system is trained and tested by approximating
the following two-dimensional Gabor function:

x2+y2

e 2057 cos(2m(x + y)) (34)

1
h(x,)’)=m

Twenty-five training points are selected from an evenly spaced 5 x 5 grid on the square —0.5 < x < 0.5 and
—0.5 <y <0.5. Similarly, two hundred and fifty-six test patterns are generated from an evenly spaced 16 x 16
grid on the square —0.5 <x < 0.5 and —0.5 <y <0.5. Eight fuzzy rules are used. The initial fuzzy parameters are
selected randomly in the interval [-1,1], the learning rate 7,, = 0.5m%>!, where m is the number of cycle. The training

10
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Fig. 6. Learning curves of OGLA for Example 2.

procedure will be terminated once the maximum number of iterations 20,000 is reached or the mean squared error
criterion of 0.001 is satisfied. The training performance after 20,000 iterations is shown in Fig. 5 and Fig. 6, and the
MSE value of training patterns is 0.0031. Fig. 5 shows the Gabor function, training patterns and the approximation
results of training patterns. The learning curves in Fig. 6 also substantiate the validity of our theoretical convergence
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results. Furthermore, The generalization capability of the learned system is illustrated by using the test patterns. The
MSE value of test patterns is 0.0063 and the approximation performance of test patterns is shown in Fig. 7.

Example 3. (Prediction of a chaotic time series). The time series prediction problem used in this example is the
Mackey-Glass chaotic time series that is generated from the following delay differential equation defined as

dx(t) . 0.2x(t — 1)
dt  14+x19(¢ —1)

where T = 17 and x (0) = 1.2. Four past values are used to predict x(¢), and the input-output data format is

—0.1x(t) (35)

[x(t —24), x(t —18), x(t —12), x(t — 6); x(1)].

In this example, twelve fuzzy rules are used. The initial fuzzy parameters are selected randomly in the interval [-1,1],
the learning rate 7, = 0.3m ™31, where m is the number of cycle. The training procedure will be terminated once
the maximum number of iterations 5 x 10° is reached or the mean squared error criterion of 0.001 is satisfied. One
thousand samples are generated from 7 = 124 to t = 1123, with the first 500 samples being used for training and the
last 500 samples for testing. Those samples are shown in Fig. 8. The training and testing results are shown in Fig. 9.
and Fig. 10. It is easily seen that OGLA can efficiently learn and predict the Mackey-Glass time series and the absolute
errors of prediction lie between [—0.04, 0.08] for both training and testing samples.

5. Conclusion

In neuro-fuzzy systems, two major types of learning are required: structure learning algorithms to find appropriate
fuzzy logical rules; and parameter learning algorithms to fine-tune the membership functions and other parameters. We
are concerned with the parameter learning algorithm in this paper. An online gradient-based learning algorithm with
adaptive learning rate is proposed to train the neuro-fuzzy systems representing the Mamdani fuzzy model. At each
step, online learning uses a per-instance gradient which is not the true gradient over the entire training set, to update
weights. We modify the original setting of the parameter to calculate the per-instance gradient by taking the reciprocals
of the variances of Gaussian membership functions, rather than the variances themselves, as independent variables.
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Due to this modification, the differentiation with respect to the denominator is avoided, which may result in oscillation
in the learning process. Furthermore, a rigorous convergence analysis for the proposed algorithm is made. The weak
convergence of this algorithm is proved under some assumptions, showing the gradient function tends to zero and the
error function tends to a constant. The strong convergence is also theoretically obtained, indicating that the weight
sequence converges to a fixed point. These theoretical results can provide a theoretic guarantee for the application
of our proposed online learning algorithm. Three numerical examples are also given to show the effectiveness of our
proposed algorithm and to support the theoretical findings.

Hybrid learning algorithms, which combine the online gradient learning algorithm with other algorithms, are often
employed to improve the learning performance of neuro-fuzzy systems. In this respect, we expect that our proposed
online gradient method can be used in place of the original online gradient method to combine with other algorithms.
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Moreover, we only discuss the neuro-fuzzy systems representing the Mamdani fuzzy model with Gaussian fuzzy sets.
Our further investigation will be focused on formulating learning algorithm for other kinds of neuro-fuzzy systems.
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Appendix
The proofs of Lemma | and Lemma 2 presented in Section 4 are given in this section.

Proof of Lemma 1. By the definition of E(?), it is easy to know that E ; (t) =t — o/ . It follows from (8) and As-
sumption (Al) thatforme N andk=0,1,---,J — 1

H Ej (" ‘hmJ+k,k)H _ Hum1+k IRk K H < JnCo+C, (36)
and

H Akum.]+k ” — H_nmE]/((umJ+k . hmj+k,k)hmj+k,k ” S (nC() + \/Ecl)nm (37)
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Then, we have
Jj—1
“de | = HumJJr] _ um]” — Z Akumj+k < Colm (38)
k=0

where Cp = (nCo + /nC1)J
Using the Mean Value Theorem, form e N, j,[=0,1,---,J —1landi=1,2,---,n, we have
A, J+1,j J,j J+1,j J+L,j J,j J,Jj

G = W = exp (=@ @) —exp (— @ )

1 1

= —exp (t:”) (CD:."JH’j + (D:nj’j) <®;nl+l,j — <I>'."J’j) 39

1

. T+, ] T+, j 1
where 7,/ lies between — @' tha o 7 and - . @

product “©”, we have

mJ,j . . . .
; *. According to triangle inequality and Hadamard

W) < 2C0(Co+ O @ — 0| (40)

—2Cy(Co+ Cy) (Xj _ cimj+1> O b — (Xj _ ci””) © by H

i (Xj _ ciml) Ob"H _ (Xj _ cim.l> o bimJH

=2Co(Co+C) | (=) o b+ (¥ — ) 0 7|

~m,l
Vi

<2C§(Co+C1) (li H Agei™t* H) +2C(Co + C1)> (li H Agbim/ H)
k=0 =0

By virtue of (13) and (14), we can get

=2Co(Co+C) (Co

o H +(Co+C)

| Ave#| < Ciico+ oo+ Comn (4D
and

| b4 < 3o+ C*(WaCo + Ciymn “2)
The combination of (40)-(42) leads to

lwmhI|| = (43)
where C3 =2JC3(Co + C)?(nCo + /nC1)(2C3 +2CoC + CY).
By the definition of E;(?), it is easy to know that
’E}(um]+j . hmf+j,j) _ E}(umj . hm.]+j,j)’ < \/ﬁ”dm,]” (44)
and
|Ej @ W) — B )| < Coll e | (45)

By the definition of R™/, we have that
_ LR IR NUNE S By AN WU NE S B B nTapan N AR W AN RNy
= —1im (Ej(u h )h E@" - n")h )

— (E; Iy g
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+ (E.;(uml—i-j Iy E}(umJ _hmJ+j,j)) ]
N (E; " W — _hmJ,j)> hmJ,j) (46)
The combination of (38) and (43)-(46) leads to
[R™7] < 1 (@Covi +COIW™ |+ nlld™ ) < Can, “7)

where C4 =nCy + (2Cof+ Cp)C3
By the definition of r"/, we have that

rlgn,j — [E; "+ hmJ+j,j)u;nJ+jh;nJ+j,j (q);n]+j,j o bim’“)
E}(u’"] .hmJ’j)M?th;'lJ»j <q);_nl»j o bimj)] )
Let
FrItid — u;711+jh;_n1+j.j (cD;nHj,j @bimJ-i-j)
and

Jj _ mlygml.j (cml,j .mJ
Pl = (7 o b )
Similarly, we can prove that there exist constants C5 and C¢ such that
1" < Csmpy 1711 < Comp, (49)
This completes the whole proof of Lemma 1. O
Proof of Lemma 2. Expanding E; (u™ D/ . h+1/.7) with Taylor formula, we know that
E (u(m+l)1 .h(m+l)J,j>
= E; (umJ 'hmJ,j> +E (uml .hmJ,j) (u(m+l)J ChmADI _ymd .hmJ,j>
+1 ( m+1)J QDI ymd _hmJ,j)2
2
mJ  jmJ,j / mJ  pmd,j m,J pmd,j mJ  \m.J,j m,J ym,J.j
= £ (wn/ W) (w0 ) (@ T e g )

+% (u(erl)J .h(WH’l)J,j _uml . hml,j)2 (50)

Expanding with Taylor formula, we have that

(m+1)J,j mJ,j
h! — 1!
= exp (- |<1><’”“>“||2)—exp( AN
J, 1)J, 7. 1 1)J.j 1j2\?
= —exp (=107 I2) (0" D12 = 1977 12) 4 Sexp @y (10" — )
_ _exp< ”q)mJ ,” ) [ "M (¢§m+1)1,j _ (D;nJ,j) + ”q)lgm+1)1,j . q’:’”’jllz] +8i0

=—2exp (=107 2) 70T [ (b 4357 ) © (<o) + (X = ™) @ T | + 811 + 8o
(51)

where 71” lies between —||<I>§m+1)1’/||2 and —||CI>IY."J’] 12, 8io = %exp(?li”) <||<1>§m+1)1’] 12— ||d>:"J’] ||2> and §;1 =
ml,j2 (m+1)J.j ml,j 2 e
—exp (—||q>l. I ) 10! — @"/J||2. By (51) and Hadamard product “®”, we can get that
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E (umJ ‘hmJ,j) (umJ ) \ym,f,j)

J
n .
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n . .
—2E) (u'"’ ~hmJ’f) > updnt (cbﬁ"”’ © (x/ - ci””)) A 8 48+ 8
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1 < 4
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Combining (4), (18)-(20), (50) and (52), we can deduce that

E(W(m-‘rl).])
J—1
= Ew")+ Z E; (umJ .hmJ,j> (u(m+1)J WD gmd .hmJ,j>
j=0

1 - ‘ N2
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1 J—1 2 n J—1 2 J—1 2
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j=0 i=1 j=0 j=0
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According to Lemma 4, the first term of §,, can be estimated as follows.

1 J—1 J—1 1 J—1 J—1
——Y A SR < — S a3 R < Oy
20 =0 520 =0

where C71 = J>C2(nCo + /nCy).
Similar estimates for the other terms of &, can be obtained with corresponding constants C7, > 0 for ¢ =

8

2,3,---,8. Hence, there exists a constant C7 = »_ C7; such that §,, < C7n,%,. This completes the proof of
=1

Lemma?2. O
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